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In this study, effect of loading angle on location of crack initiation in flattened Brazilian disc (FBD) 
specimens was studied by both numerical and experimental methods. FBD tests were conducted on 
disc samples with various loading angles and tests were simulated by finite element method (FEM). The 
results showed that probability of crack initiation at flattened ends of samples where jaws and sample 
are connected should be considered along with central crack initiation which is a usual prerequisite to 
have a valid FBD test. In addition, experimental analysis was performed on FBD samples which is rarely 
observed in literature. Moreover, the loading angle of 30° was determined as an appropriate angle for 
FBD test that guarantees the occurrence of central crack and avoids crack initiation at flattened ends of 
samples. 
 

Key words: Fracture toughness, FBD method, loading angle, central crack, experimental method, numerical 
method. 

 
 

INTRODUCTION 
 

Rock fracture mechanics is a general approach for 
solving many problems in the field of earth sciences such 
as geological engineering, mining engineering and civil 
engineering. Many rock engineering problems such as 
rock cutting can be solved by fracture analysis (Guo et 
al., 1993). Indeed, it is common for ageing infrastructures 
which have experiences of cracking such as dams, 
bridges, and buildings (Chowdhury et al., 2013). 
Measuring crack toughness is a key to analyze fracturing 
in materials (Guo et al., 1993). According to the  types  of  
 

crack propagation through specimen, there are three 
major crack propagation modes in a fracture process, 
including: Mode I (tensional), Mode II (shearing), and 
Mode III (tearing) (Roylance, 2001). Mode I fracture 
toughness is the most important mode in brittle materials 
like rock since this mode commonly lead to failure in 
brittle materials (Alkilicgil, 2010). Different methods with 
different geometries have been developed for measuring 
Mode I fracture toughness, including short rod  (SR) test 
(Barker,  1978),  cracked  straight  through  Brazilian  disc 
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Figure 1. Flattened Brazilian disc geometry (Wang and Xing, 
1999). 

 
 
 

(CSTBD) test (Awaji and Sato, 1978), diametric 
compression (DC) test (Szendi-Horvath, 1980), cracked 
chevron notched Brazilian disc (CCNBD) test (Sheity et 
al., 1985; Dai et al., 2014), modified ring (MR) test 
(Thiercelin and Roegiers, 1986), Brazilian disc (BD) test 
(Ayatollahi and Aliha, 2008; Guo et al., 1993), flattened 
Brazilian disc (FBD) test (Wang and Xing, 1999), notched 
semi-circular bend (NSCB) test (Chong and Kuruppu, 
1984), chevron bend (CB) test (Ouchterlony, 1988), 
straight edge cracked round bar bend (SECRBB) test 
(Ouchterlony, 1981), radial cracked ring (RCR) test 
(Chen et al., 2008), edge crack triangular (ECT) test 
(Aliha et al., 2013), edge notched disk (END) test 
(Donovan et al., 2004). Among the mentioned methods, 
short rod (SR) method, cracked chevron notched 
Brazilian disc (CCNBD) method and chevron bend (CB) 
method are methods suggested by ISRM (Khavari, 
2015). 

In general, the aforementioned methods could be  
classified according to their loading type into three main 
groups, including: A) Direct tension, B) compression, and 
C) bending (Alkilicgil, 2010). Compressive loading in 
fracture testing is more convenient for rocks. Brazilian 
type specimens with or without notches or inner holes 
can be loaded with compression at specimen ends to 
generate a tensile fracture formation and crack 
propagation at the center of discs. Brazilian type 
specimens can be attractive due to its simplicity of  
specimen preparation and loading configuration (Dai et 
al., 2014; Guo et al., 1993). 

Among compressive tests, flattened brazilian disc (FBD)  

test is one of the most convenient method for determining 
fracture toughness of rocks and rock like specimens 
(Keles and Tutluoglu; 2011). However, the validity of FBD 
test depends on the location of crack initiation, and 
location of crack initiation is a function of loading angle 
(2α) (Figure 1) (Wang and Xing, 1999). Wang and Xing 
(1999) found the critical loading angle (loading angle that 
guarantees crack initiation from center of disc) to be 
greater than 19.5°. This angle was found to be equal to 
20° by Wang and Wu (2004) and Wang et al. (2004), and 
15° by Kaklis et al. (2005). 

In this study, FBD method was evaluated by 
investigating the effect of loading angle on location of 
crack initiation. In this respect, we considered crack 
initiation on central zone of specimens and at flattened 
ends of the samples where jaws and specimens 
connected. Investigation of probability of crack initiation 
from the flattened ends of samples was rarely observed 
in literature. To this end, FBD tests with various loading 
angles were performed under displacement control 
machine which applied displacement to the specimen. 
Besides, related numerical models by finite element 
method (FEM) were performed to assess dimensionless 
stress and plastic strain distribution in FBD samples. 
 
 
FBD method and importance of fracture initiation 
location 
 
FBD method is the most convenient method among other 
methods  in  terms  of specimen preparation, loading type 
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Figure 2. Typical load-vertical displacement graph of a valid 
FBD test (Keles and Tutluoglu, 2011). 

 
 
 
and testing procedures (Keles and Tutluoglu, 2011). FBD 
specimen and related geometries are illustrated in Figure 
1. In this Figure, D, t, 2α and 2L are specimen diameter, 
specimen thickness, loading angle and flattened end 
width, respectively. Loading ends of disc is flattened to 
avoid concentrated loads and infinite stress 
concentrations around loading ends. In a valid test, crack 
should initiates from the center of disc and propagates 
toward loaded flattened ends of sample. According to 
Figure 2, load increases up to point (a) which crack 
initiates. During unstable crack propagation (ab), load 
decreases to point (b). Load in this point is equal to the 
minimum local load (Pmin) which is used in fracture 
toughness calculation by FBD method formula (Equation 
1). When crack growth becomes stable, load starts to 
increase (bc). Point (c) is the point at which specimen 
fails (Keles and Tutluoglu; 2011). KIc is computed from 
the equation below (Wang and Xing 1999): 
 

                                     (1) 
 
Which KIc is mode I fracture toughness, Pmin is minimum 
local load, R is specimen radius and t is specimen 
thickness. Dimensionless  stress  intensity  factor  (ϕ)  for  

flattened Brazilian disc with the loading angle of can be 

 30° ( ) defined by (Wang and Wu, 2004): 
 

   (2) 
 

Where KI is mode I stress intensity factor, P is applied 

compressive load and a  is half of the crack length. ϕmax 

could be determined by numerical modeling (Wang and 
Wu, 2004). 
 

The key factor, ϕmax, for determining fracture toughness 
depends on location of crack initiation. Since ϕmax is 
calculated based on the assumption that fracture initiates 
from center of disc, Wang and Zing (1999) created pre-
existing central crack in FBD samples. Therefore, result 
of FBD method without pre-existing central crack is just 
valid when crack initiates from the center of disc. 
According to the analysis based on Griffith fracture 
criterion and stress solution for Brazilian test, load angle 
strongly affects the location of crack initiation (Keles and 
Tutluoglu, 2011). The minimum load angle at which crack 
initiates  from center of disc is called critical loading angle  

min
maxIc

P
K

R t



 (1) 

 

2 30 

7 6 5

4 3 2

33.9811 128.5613 189.8983

146.3809 64.0804 15.7996 2.7115

I

R t a a a
K

P R R R

a a a a

R R R R


      

         
     

       
          

       

 (2) 

 



4          J. Geol. Min. Res. 
 
 
 

Table 1. mechanical properties of the target rock. 
  

E  (GPa)   c  (MPa) t  (MPa) c (MPa)   

68 0.2 60 8 10.95 49.88 

 
 
 
(wang et al., 2004). 
 
 
METHODOLOGY 
 

For laboratory tests, Marble rock extracted from Neiriz quarry mine 
in Iran was used. Neiriz mine is the biggest construction rock mine 
in Iran and has the highest rate of extraction and production among 
all construction rock mines in Iran. This rock is used for many 
construction purposes. Marble is a metamorphic rock resulting from 
metamorphism of a very pure limestone or dolomite protolith. At 
first, mechanical properties of the target rock were determined by 
results of a triaxial test conducted by MTS 815 loading machine. 
Obtained values shown in Table 1 also were used for numerical 
modeling. 
 
 

Experimental studies 
 

Wang and Xing (1999) suggested proper FBD specimen geometry. 
In the present study, samples with different loading angles were 
prepared according to the proposed specimen geometry by Wang 
and Xing (1999) (Figure 3). Geometry characteristics are given in 
Table 2. As shown in Figure 3, loading angle differs from 0 to 40°. 
 
 

Sample preparation 
 

Marble block which extracted from mine cored with coring machine 
in laboratory and cores were cut into disks by clipper machine and 
core thickness checked by caliper. After preparing disks in required 
thickness, both sides of disks polished with the help of goniometer 
to be parallel with corundum polish powder. The specimens which 
are prepared can be seen in Figure 4. 
 
 
Experiments 
 
Experiments were performed by displacement-rate compressional 
loading machine which apply displacement to specimen, designed 
and built up by main researcher in Rock Mechanic laboratory of 
University of Tehran (Iran Patent No. 84659). Tests were conducted 
on FBD specimens by the aforementioned machine with four tests 
per each loading angle. Displacement rate in all tests was set to be 
0.001 mm/sec. Test procedure on specimens was filmed by a high 
speed (1000 frame per second) filming camera focused on disks. 
Then movies were used for primary investigation of crack initiation 
and propagation path through the specimens. 
 
 
Numerical studies 
 

At the first stage of numerical modeling, in order to determine 
location of crack initiation in Brazilian disc, location of maximum 
value of tensile stress should be known (Wang and Xing, 1999). So, 
at the first stage of numerical modeling, dimensionless equivalent 
stress distribution was modeled based on Griffith criterion. 
According to Griffith’s theory, in Brazilian test, crack initiates at the 

center when
1 33 0   ,  where 1  

 and  3   are   maximum  

principle stress and minimum principle stress, respectively. 
However, when the Brazilian disc is flattened, stress condition at 

the center will change and 1 33 0    inequality condition 

governs the tensile crack initiation. Then for tensile strength ( t ) 

estimation, governing expression involving both 1 and 3  

becomes: 
 

                             (3) 
 

Left hand side of this equation is also called equivalent stress G , 

and for Brazilian tensile strength test max2G t P Dt    , 

where Pmax, D, and t are maximum value of load at failure, disc 
diameter, and thickness, respectively. Dimensionless equivalent 

stress G (ration of t to max2P Dt ) is used for stress 

analysis for crack initiation (Hoek and Martin, 2014). At the second 
stage of numerical modeling, distribution of plastic strain in flattened 
Brazilian disks were modeled based on Mohr-Coulomb criterion. 
Mohr-Coulomb criterion is a widely used criterion in the field of 
geotechnical applications and applies well to rocks. Based on Mohr-
Coulomb criterion: 
 

                                             (4) 
 

Where   is shear stress,   is normal stress, c  is cohesion of 

material, and   is angle of friction (Labuz and Zang, 2012). 

All numerical modeling of FBD tests were conducted with 
ABAQUS finite element software. Input parameters are introduced 
in section 3. In modeling, loading type was set to be ramp loading in 
which load varies linearly over the step. Surface loads were applied 
on both flat ends of disks. In first stage of modeling, vertical line 
passes through the center of disk and both loading surfaces are 
fixed in all directions and in second stage of modeling, it is fixed in 
the x and y-direction. In models, element geometry is set to be 
hexahedron since the accuracy of solutions in hexahedral meshes 
is the highest. Number of meshes varies depending on the loading 
angle and the number of meshes along the vertical line passing 
through the center of specimens as presented in Table 3. Grids are 
set to be structured due to its highly space efficiency and best fit to 
Brazilian disks. These Static models have been executed with 
Standard solution type in the plane stress condition. 

 
 

RESULTS AND DISCUSSION 
 
Employing Brazilian test to calculate tensile strength and 
fracture toughness is based on the assumption that 
fracture initiates from the center of the disc (Wang and 
Xing, 1999). However, some researchers proved that 
fracture  initiation  under  specific  loading conditions  is a  

2

1 3

1 3

( )

8( )
t

 
 

  
 (3) 

 

tanc     (4) 
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Figure 3. Size of samples for investigation of loading angle effect on crack initiation location (mm) 
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Table 2. Geometry characteristics of samples. 
 

D (mm) t (mm) 2α (degrees) 

54 27 0, 5, 10, 12, 14, 16, 18, 20, 25, 30, 35, and 40 

 
 
 

 
 
Figure 4. Specimens with different loading angles before test. 

 
 
 

Table 3. number of meshes along the vertical line of specimens. 
 

Loading angle 
(degrees) 

Number of meshes through the central vertical 
line 

5 216 

10 215 

12 214 

14 214 

16 214 

18 213 

20 212 

30 208 

35 206 

40 203 
 
 
 

them also showed that fracturing does not always initiate 
at the center of disc (Sarris et al., 2007). Although critical 
loading angle has been calculated by numerical methods, 
similar laboratory studies for determining this parameter 
rarely observed. Hence, in this study, influence of loading 
angle on the location of crack initiation has been studied 
experimentally, too. 

The results of the plane strain analysis are shown in 
Figure 5. As it is shown, the relationship between distri-

bution of dimensionless equivalent stress G  through 

center of disc and loading angle has been  evaluated.  As 

illustrated in this figure, for loading angles greater than 18 
degrees, maximum dimensionless stress occurred at the 
center of disc, while this maximum stress occurs outside 
the disc center for loading angles less than 18 degrees. 

Similar behavior for samples loaded under different 
loading angles has been observed in the experiments. As 
expected, for loading angles less than 18 degrees, crack 
initiated out of disc center (see Figure 6a) and also for 
loading angle of 18 degrees fracturing initiates from 
center of disc (see Figure 6b). Although, good agreement 
between the numerical models and experimental test was 
observed   for  determination  of  crack  initiation  location 
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Figure 5. Variation of dimensionless equivalent stress in vertical line which passes through the center of specimen. 

 
 
 

 
 
Figure 6. Location of crack initiation, (a) for loading angle of 10 degrees that occurs out of disk center and (b) 
for loading angle of 18 degrees that occurs at disk center. 

 
 
 
at different loading angles, some unexpected cracks were 
detected during the tests (Figure 6b). In such 
circumstances, occurrence of unexpected cracks  can  be 

explained by inadequate preparation, presence of 
heterogeneity in rock samples, or existence of pre- 
microcracks.  However, by repeating this test on samples
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Figure 7. Numerical and experimental results of FBD specimen with 18 degrees loading angle (a) 
Distribution of plastic strain at the first stage of loading, (b) distribution of plastic strain at the last stage of 
loading and (c) cracks occurred in the specimen. 

 
 
 
with loading angles of 18 degrees which have been 
prepared with high accuracy, it is concluded that 
mentioned reasons for occurrence of unexpected cracks 
are not true. Hence, additional numerical studies to 
determine reasons of occurrence of unexpected cracks 
were conducted. In order to determine the location of 
crack initiation under various loading angles and to 
evaluate reasons of occurrence of unexpected cracks, 
three dimensional finite element analyses based on 
Mohr-Coulomb criterion were performed. 

Figure 7 shows three dimensional analysis of FBD 
method with 18 degrees loading angle. Distribution of 
plastic strain at different stages of loading is shown in this 
figure. This figure represents the first stage of loading 
(Figure 7a) as well as the last stage of loading (Figure 
7b). As shown in Figure 7, in early stages of loading on 
sample with loading angle of 18 degrees, plastic strain is 
generated in flattened ends of sample (where specimen 
connected to jaws) and in addition to the flat ends, plastic 
strain is also created in center of disc. By assuming that 
crack occurs where the plastic strain is created, it can be 
concluded that central crack initiated after the initiation of 
crack from flattened ends of sample with loading angle of 
18 degrees. Hence, the validity of FBD test with loading 
angle of 18 degrees is questionable while the performed 
studies on distribution of dimensionless equivalent  stress 

G  through center of disc with different loading angles 

confirmed the validity of this method under the loading 
angle of more than 18 degrees. 

Given the performed analysis, it can be concluded that 
in order to determine the location of the crack initiation, in 

addition to dimensionless equivalent stress G  through 

the center of the disc, the contact of sample and jaw 
should be considered. Some other three dimensional 
analyses have been performed with different loading 
angles (0, 5, 10, 12, 14, 16, 18, 20, 30, 35, 40). The 
concluded results can be summarized as follows: 
 

a) For loading angles less than 18 degrees, crack 
initiates from the flattened ends of sample toward center 
of disc (see Figure 8), 
b) For loading angles more than 18 and less than 30 
degrees, cracks initiate from both center and flattened 
ends of sample (Figure 7), 
c) For loading angles more than 30 degrees, crack 
initiates from center of disc (Figure 9). So, FBD test is 
valid in this condition. 

So, the loading angle of 30 degrees was obtained by 
experimental and numerical study as an appropriate 
angle that guarantees initiation of crack from center of 
disk  and  prevents  occurrence  of  unexpected cracks at
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Figure 8. Numerical and experimental results of FBD specimen with 5 degrees loading angle (A) Distribution of 
plastic strain and (B) Location of crack occurred. 

 
 
 

 
 
Figure 9. Numerical and experimental results of FBD specimen with 30 degrees loading angle (A) 
Crack occurred at the first stage of loading, (B) Distribution of plastic strain at the first stage of 
loading, (c) Crack occurred at the last stage of loading and (D) Distribution of plastic strain at the last 
stage of loading. 

 
 
 
flattened ends of specimen. Fracture toughness value of 
target rock is calculated by the result of one FBD test with 
30 degrees loading angle specimen. According to  Figure 

10 which is the load-vertical displacement graph of one of 
FBD tests with 30 degrees loading angle, minimum local 
load   could   be   achieved   as   14.7   kN.   The  fracture  

 

 
 
 
 

(a) 
(b) 

 
 

 
 

(a) 

(b) 

(c) 

(d) 
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Figure 10. load-vertical displacement graph of one of FBD tests with 30 degrees loading angle 
(note that load should drop to zero after failure but due to the physical contact between 
remainings of specimen and jaws, vertical load on the specimen didn’t relieved completely). 

 
 
 

min , 0.5895  ( 2 30 )
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Conclusion 
 
This paper investigated the effect of loading angle on the 
location of the crack initiation for FBD test because this 
method is valid only when crack initiates from center of 
disk. In this regard, experimental and numerical methods 
were conducted. The two dimensional analysis based on 
Griffith’s theory suggested loading angles more than 18 
degrees while three dimensional analysis based on Mohr-
Coulomb criterion showed that central cracking occurred 
for loading angles more than 30 degrees which also 
avoided cracking at the flattened ends of specimen. 
Finally, loading angle of 30 degrees was obtained as 
appropriate loading angle that guarantees initiation of 
crack from center of disc and prevents occurrence of 
unexpected cracks at flattened ends of specimen. 
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NOMENCLATURE 
 

2α Loading angle α Half of the loading angle 

2L Flattened end width   Normal stress 

a Crack length 1  Maximum principal stress 

c Cohesion 3  Minimum principal stress 

D Specimen diameter c  
Compressional strength 

E Elastic modulus t  
Tensional strength 

KI Mode I stress intensity factor G  
Equivalent stress 

KIc 
Mode I critical stress intensity factor or mode 
I fracture toughness G  

Dimensionless equivalent stress 

P Applied load τ Shear stress 

Pmax Maximum local load υ Poisson’s ratio 

Pmin Minimum local load max  Dimensionless maximum stress intensity factor 

R Specimen radius   Internal friction angle 

t Specimen thickness   
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